Abstract. We investigate the radiation amplitude zeros exhibited by many Standard Model amplitudes for triple weak gauge boson production processes. We show that W Zγ production amplitudes have especially rich structure in terms of zeros, these amplitudes have zeros originating from several different sources. It is also shown that TYPE I current null zone is the special case of the equality of the specific helicity amplitudes.
I INTRODUCTION
The SM amplitudes for processes with the neutral gauge boson(s) emission exhibit zeros. Either the distribution of the scattering angle contains zeros, or the helicity amplitudes completely vanish for certain polarization (or momentum) combinations of the particles which participate in the process. In this work we review the theoretical basis of these radiation amplitude zeros, and discuss the experimental aspects of this phenomenon in weak boson production processes.
In the works related to the analysis of the unified theories of the electromagnetic and weak interactions it was pointed out that there was a connection between the values of the magnetic moment of the vector-bosons and possible structures of these theories [1] , [2] . In the early days of the SM, the processes pp (pp) → W ± + γ + X were suggested for the measurement of the magnetic moment of the W boson, where the radiation amplitude zero was encountered first [3] . We discuss this zero in Section II. The observed zeros of these production processes belong to the so-called TYPE I zeros. We consider the conditions which have to be fulfilled in order that TYPE I radiation zeros can occur in Section III. We describe how these radiation zeros can be explained as a result of the factorization of the amplitudes as well as a consequence of the decoupling theorem. TYPE I zeros have two different forms, charge null zone and current null zone zeros. We also give a few examples for the recently discovered TYPE II zeros. Section IV is devoted to the discussion of many interesting zeros, which occur in electroweak production processes. First, we discuss the zeros in W γ and W γγ production. Here, we also briefly discuss the equalities of the values of the specific helicity amplitudes, which are responsible for the current null zone zeros. Next, we consider the W Z production zeros. Some of the W Z production amplitude zeros were observed only recently and they can not be attributed to any type of the zeros discovered earlier. Special attention is paid to a discussion of the full set of zeros in the W Z production process, since they directly relate to the zeros of two other production processes, the zeros in→ W Zγ and→ W ZZ, which are discussed subsequently. The amplitudes in the W ± Zγ case have an especially rich structure in terms of zeros, revealing three different types of zeros. We also review the zeros in W Hγ production. The existence of the charge null zone requires the same sign for all the nonzero charges of the particles participating in the process and therefore processes, where only neutral electroweak gauge bosons are produced, can only exhibit the current null zone TYPE I zeros. We discuss several of these processes in terms of the radiation zeros together with the helicity amplitudes relations mentioned earlier in more detail at the end of this section. Finally, we present a summary table of the zeros, considered throughout Section IV.
II RADIATION ZEROS IN W γ PRODUCTION
In this section we briefly discuss the radiation amplitude zeros phenomenon associated with the pp → W ± + γ collision process 1 in order to illustrate several important theoretical and experimental features of this phenomenon. The parton level amplitudes responsible for this process exhibit zeros in the distribution of the scattering angle [3] . The position of the zero depends only on the charge of the quark (no helicity dependence):
where θ is the angle between the W − and the d quark, if one consideres dū → W − γ process. Q i is the electric charge of the quark in units of the proton charge e.
The value of cos θ = − 1 3 (see Fig. 1a ), obtained from Eq. (1), is in fact, characteristic for some other SM based process amplitudes too, as we will discuss later.
From the experimental point of view, the Tevatron collider (pp) is especially well suited to observe the radiation zero predicted in W γ production. Sea quark effects tend to wash out the dip caused by the radiation zero. At Tevatron energies, valence quark effects dominate and this effect is not a problem. As a result, the radiation zero leaves a clear signature. This is shown in Fig. 1b where we display the distribution 2 of the difference between the rapidities of the W boson, y W , and the photon, y γ . The dip at y γ − y W ≈ 0.3 is due to the radiation zero [4] .
The boost invariant quantity y γ − y W contains the same information as the cos θ distribution. The y γ −y W distribution is very similar to the distribution of the rapidity difference between the photon and the charged lepton originating from the W decay, which can be readily observed. This is due to the V − A nature of the W fermion antifermion coupling and the fact that W 's in W γ production in the SM are strongly polarized: the dominant helicity of the W ± boson in SM W ± γ production is λ W = ±1 [4] .
III RADIATION AMPLITUDE ZEROS AND GAUGE FIELDS
The amplitude zero observed in W γ production belongs to the family of 'TYPE I' zeros which can be explained as a consequence of the factorization of the amplitude, shown soon after they were first discussed in the literature [5] - [8] .
The scattering amplitude for the above mentioned process can be obtained starting from the vertex (source graph) which describes the interaction of the charged particles, attach a photon to each charged particle leg in turn and add all diagrams, as schematically depicted below:
One can show that the amplitude (for particles of any spin) can be written in the form 2) We use histograms for the collider process distributions to distinguish them from the parton level curves and to get neat curves for the rapidity distributions at the relatively low Monte Carlo statistics. The histograms are also helpful to see the 'bin structure' of the numerical results for the differential cross sections. In all the graphs, not using the histograms, the horizontal axes are divided into fifty equal bins.
where A i and B i are factors which depend on the charge and polarization. C i represent the particle propagators. This leads to the factorization of the amplitude into separately charge dependent and polarization dependent factors:
The factorization of the amplitudes holds for any gauge theory based vertex with no restriction on the number of particles, due to the relation between the photon (gauge boson) coupling and Poincare invariance. For the complete tree level amplitude for a source graph V G consisting of a single vertex (no internal lines)
where J i are 'the vertex currents', arising from inserting the current j i into the i th leg of the vertex, with
The convection current, j conv = p · q, corresponds to the first-order space-time translation of the given leg's wave function. The spin current is a first-order Lorentz transformation of the wave function. For the Lorentz transformation
the spinor wave function ψ transforms as
where
λ is an infinitesimal length, x ′ = Λx, and
Therefore for a spinor
The contact j cont and Yang-Mills j Y M currents result from the transformations of the single derivative couplings and Yang-Mills vertices, correspondingly [5] .
J i depend on the polarizations, but not on the charges of the particles, and obey the identity
as a result of Poincare and Yang-Mills symmetries [5] . Thus the vertex amplitude M γ (V G ) vanishes, if
The well-known '-
' zero occurring in W γ production belongs to this type. The classical limit of these zeros is the vanishing of the dipole radiation for the system of particles with the same charge to mass ratio
and giromagnet coefficients, g i [5] .
These zeros correspond to the current null zone. In the infrared limit, Eq. (14) reduces to
Since p i · q ≥ 0 for all i, all the convection currents, p i · ǫ, have to vanish in order that Eq. (15) will be satisfied. It is easy to see that this implies that all the charged particles are restricted to the plane (a line) perpendicular to the photon polarization vector ǫ for a linearly (elliptically) polarized photon, in the c.m. frame. This is the quantum field theory analogue of the classical case that there is no electric dipole radiation perpendicularly polarized to the scattering plane. The null zone conditions, Eq. (12) and Eq. (14) also imply the invariance under the replacements
and
respectively. Therefore, for a suitable choice of C and C ′ , the single vertex amplitude M γ (V G ) can be written as
where the null zone conditions take an explicit form.
In the case of the source graphs with the internal lines (several source graphs), the tree radiation amplitude M γ (T G ) can be written as a sum over the vertices
Here (19) will have the same properties in terms of zeros as the single vertex amplitude M γ (V G ), Eq. (18) and therefore there exists a null zone under the condition Eq. (12) or Eq. (14), similar to the single vertex case. From the conditions above we see that the null zones connect intrinsic (charge, spin) and space-time properties (Poincare transformation) of the particles involved. This makes it possible to use them in analysing the structure of the SM.
Radiation zeros can also be explained as a consequence of the decoupling theorem [9] , [10] . The wave function of a system of particles in an external Yang-Mills field can be written as
where χ(x) is the free solution of the field equations (Q = 0, no gauge boson emission), and ULT is the product of the local gauge (U), Lorentz (L), and displacement (T ) transformations. The null zone condition
leads to the charge null zone condition discussed above. From the condition for the charge null zone we conclude that (since p i ·q ≥ 0)
Notice that the zeros will not necessarily be in the physical range of the parameters (−1 ≤ cos θ ≤ 1 in the case discussed here).
In 2 → 2 scattering processes, where one of the final particles is a massless neutral gauge boson, in the relativistic limit, the zeros occur at the angle
where Q 1 and Q 2 are the charges of the initial state particles. For the reaction dū → W − γ we indeed get cos θ = − 1 3 , consistent with the result from a direct computation of the matrix elements.
One can also consider TYPE I zeros in supersymmetric extensions of the SM. The emission/absorption of the gauginos will also be associated with radiation zeros [11] - [13] .
The presence of amplitude zeros requires a gyro-magnetic factor of g = 2. Any anomalous W W γ coupling changes the value of g and destroys the radiation zero [5] , [14] , [15] .
Recently another type of the zeros (TYPE II) was discovered ( [16] - [18] ) in the physical phase space range for the processes
TYPE II zeros occur only if the emitted photons are located in the scattering plane. The theory, revealing the underlying symmetry of the production process amplitudes responsible for this zero has yet to be offered.
IV AMPLITUDE ZEROS IN WEAK BOSON PRODUCTION PROCESSES
In this section we discuss, somewhat systematically, the amplitude zeros exhibited by electroweak production processes 3 . We also show that the current null zones can be considered as a consequence of the equality of the specific helicity amplitudes. QCD corrections are expected to give noticable contributions to the distributions. However, we do not consider them in this work, since the objective of our analysis is to investigate the important aspects of the radiation amplitude zeros phenomenon for the weak boson production amplitudes. MadGraph [19] was used in the analysis of the production amplitudes.
In our calculations we have used M W = 80.35 GeV, M Z = 91.18 GeV, M H = 150.0 GeV for the W boson, Z boson and Higgs masses, respectively. The values of the coupling constants were taken at the W boson mass scale:
3) For more details of the zeros, analyzed in the earlier works, see references at beginning of their discussions.
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A W γ, W γγ production zeros
Besides the '-
' zeros discussed in Section II, the′ → W γ amplitudes also exhibit current null zone zeros [20] , [21] . The amplitudes vanish for all angles within the SM, when the W boson is longitudinally polarized and the photon polarization vector ǫ is perpendicular to the scattering plane in the c.m. frame. W γ production as well as several other weak boson production processes exhibit another type of the current null zone at the 90
• scattering angle. We will not discuss those zeros here. The complete description of them can be found in [21] .
A radiation zero can occur not only when one massless neutral gauge boson is emitted, but also if two or more are radiated, provided that the neutral gauge bosons are all collinear [5] , [15] . This is in agreement with the charge null zone condition, Eq. (12), since for the neutral gauge boson, Q = 0 and p · q = 0 due to its collinearity to the photon (the second neutral gauge boson), and therefore there is no explicit violation of the condition. Here Q and p are the charge and momentum of the neutral gauge boson, respectively. The zero is located at the same scattering angle as in the case where only one boson is radiated. The charge null zone zero of W γγ production is illustrated in Fig. 2a , where we show the squared amplitude as a function of the photon scattering angle for W γγ production at √ s = 300 GeV [22] . A p T (γ) >5 GeV cut has been imposed to avoid the infrared singularities associated with photon emission. The zero gradually vanishes for increasing values of the angle between the two photons. Nevertheless, there is a clear dip in the rapidity difference y γγ − y W distribution due to this zero for
as shown in Fig. 2b , where θ γγ is the angle between the two photons in the c.m. frame. We have imposed the following transverse momentum and rapidity cuts on photon [23] :
The helicity amplitudes for W γγ production are approximately equal in magnitude for all scattering angles and c.m. energies of the W γγ system for the following combinations of helicities
where λ W and λ γ are the W boson and photon helicities. Because of the different values of both photon helicities, these amplitudes cannot be combined into the polarization amplitudes, and there is no current null zone in the W γγ production case. We will discuss this situation in more detail for Zγγ production case, where these equalities become exact. 
B W Z production amplitude zeros
In the case of massive neutral gauge bosons, the production amplitudes can still exhibit an approximate radiation zero [24] , [25] . For the process
the M(λ W = ±, λ Z = ∓) helicity amplitudes factorize into the helicity dependent term and the term, which depends on the weak boson fermion couplings (charge dependence), but not on the helicities of the particles (see [24] for more details). These amplitudes exhibit weakly energy dependent zeros, which at high energies, √ s ≫ M W,Z , are located at
where the g q i − (i=1,2) are the left-handed couplings of the Z boson to quarks and θ is the center of mass scattering angle of the W boson. Fig. 3 shows the dū → W − Z squared helicity amplitude for λ W = −1 and λ Z = +1. The processes
also have similar zeros, as expected. There are additional W Z production amplitude zeros, which are spin and energy dependent. The energy dependence is especially strong around the W Z threshold. Most of these zeros are located in the physical range of variables. We located the positions of the zeros both using MAT LAB, algebraically, using explicit expressions for the amplitudes, and from the plots, |M| 2 vs cos θ (for the values of the cos θ in the physical region, | cos θ| ≤ 1). In Fig. 4 we show several zeros of this type. Some of these zeros are approximately symmetric in cos θ for the most part of the c.m. energy range (see Fig. 5 ) and leave two symmetric dips in the rapidity distributions for P P → W − Z . This occurs because two types of parton level contributions (d quark (beam 1)+ū quark (beam 2) and d quark (beam 2)+ū quark (beam 1) act coherently in terms of these zeros. Here 'beam 1' and 'beam 2' written in the parentheses show from which of two LHC proton beams the particular quark originates.
These zeros also leave deep dips in the rapidity distributions in the case of other helicity amplitudes, provided that they are relatively weakly energy dependent, so that the region of the dip in the |M| 2 vs cos θ distribution due to the amplitude zero contains the value of cos θ = 0 for all important values of the c.m. energy. The (λ W = −1, λ Z = 0) amplitude (Fig. 4) is an example for this case 4 . The rapidity difference y Z − y W distributions at the LHC for these two helicity combinations of particles are shown in Fig. 6 .
C Zeros in W Zγ, W ZZ and W Hγ production
In W Zγ, W ZZ and W Hγ production all the nonzero charges have the same sign (see Eq. (22)) and all three processes include at least one neutral gauge boson. Therefore one expects the existence of charge null zones for these processes. As we shall demonstrate in the following, all these processes exhibit zeros in the physical range of variables.
The zeros of the dū → W − Zγ production process amplitudes are especially interesting, as the same helicity amplitude may have zeros originating from different sources.
Since it is not possible to write down a simple analytical expression for the squared matrix element in the general case (see Fig. 7 for the W Zγ production Feynman diagrams), we try to identify the zeros near the threshold values of the center of mass energy of the W Zγ system, where this can readily be done [18] . In this limit the photon momentum is small compared to the initial fermion (quark) momenta and therefore can be neglected in the numerators of the internal fermion propagators. It will be clear from the formulas below that if we choose the gauge, where transversely polarized (physical) photons have no 4th component, we can also neglect the contribution of the W Zγ vertex to the amplitude, as both W boson and photon 3-momenta are very small. Under these conditions the W − Zγ production amplitude can be written as
where j µ is given by
Here we considered the incoming quarks massless and used the Dirac equation to simplify the expression for j µ . Since the 4th component of the W boson momentum (≈ M Z ) is not small, we keep k 
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The condition
gives the zero of the amplitude at cos θ γ = 1 3 , where θ γ is the angle between the incoming d quark and the photon. To see this, one can choose
Then
In the case when the Z boson and photon are collinear,
It is interesting to notice that the cos θ γ distribution will have a zero in this limit, even if the Z and γ are not collinear 5 , whereas the cos θ W distribution exhibits the zero only if the Z and γ are collinear. Now it is clear that any other zero(s) should come from the first term, i.e. from the M(W − Z) amplitude. Let's take, for example, the amplitude for (λ W , λ Z , λ γ ) = (0, −1, −1) . The squared amplitude vs cos θ W for the near the threshold value of the c.m. energy is given in Fig. 8 . We also show the W Z production amplitude for (λ W , λ Z ) = (0, −1) in this figure. From the figure we see that, indeed, the W Z amplitude exhibits zeros at exactly the same locations as the W Zγ amplitude. By requiring that the Z and γ are collinear, it can be seen that that '- In the case when the Z and γ are collinear, the total momentum of the Zγ system is given by
where α = pγ p Z
. On the other hand, the invariant mass of the system is 5) A similar situation occurs also in dū → W − γγ , even for a larger range of center of mass energies, due to the masslessness of the photon. 
By solving Eq. (41) and Eq. (42) together, we find
However, for this value of α, the momenta could be either collinear or opposite in direction, depending on whether the sign of α is positive or negative (see Eq. (41)). We can remove the latter combination of p Z and p γ by requiring that and it is clear that only the "-" solution of Eq. (43) should be used for the collinear case.
Eq. (45) can be transformed into a 4th order equation in M inv and used to determine the upper limit of the invariant mass M inv , when the Z boson and the photon are still collinear:
Here s is the squared center of mass energy of the W Zγ system. The solutions of Eq. (46) can readily be found by MAT LAB. In table 1 we give the values of these upper limits for the invariant mass of the collinear Zγ system, M W Z zeros present in the W Zγ helicity amplitudes 6 . Similar to W Z production, the amplitudes for W ZZ production exhibit an approximate radiation zero, if the two Z bosons are collinear (Fig. 11) . The technique for generating collinear Z bosons is similar to that of the Zγ (Hγ) case with the only significant difference that both "-" and "+" solutions of the equation for α (see the text after Eq. (45)) can generate the collinear Z bosons. The amplitude zeros lead to a dip in the y ZZ −y W distribution, which, however, is much less pronounced than the corresponding dip in the y Zγ − y W distribution in W Zγ production, due to the absence of the '- ' zero in the W ZZ amplitudes. A comparison of the two distributions at the LHC is shown in Fig. 12 . We only considered the contributions of the amplitudes, where the first two particles (W and Z) have the same helicities as the dominating helicity amplitudes of the W Z production, (λ W , λ Z ) = (±1, ∓1). There are four such amplitudes in the W Zγ case and six amplitudes in the W ZZ case. These amplitudes give a substantial part of the contributions to the total cross sections, while the rapidity difference distributions due to these amplitudes still exhibit clear dips without any restriction on the angle between the Z 6) W H as well as ZH amplitudes do not exhibit amplitude zeros of any of the types considered in this section, as expected. The amplitudes for none of these three production processes exhibit the current null zone zeros discussed in the W γ case.
D Zeros in neutral electroweak boson production processes and the helicity amplitude relations
Since these processes require the initial particles to have charges of different sign, the possibility of a charge null zone is excluded in this case (see Eq. (22)). Nevertheless some of these processes, namely, Zγ, ZHγ and ZZγ production exhibit the same current null zones as the W γ production process. The amplitudes vanish for all scattering angles within the SM, when the Z boson is longitudinally polarized and the photon polarization vector ǫ is perpendicular to the scattering plane in the c.m. frame. In the ZZγ case, these are the helicity amplitudes for which both of the Z bosons are longitudinally polarized.
The ZHγ production amplitudes exhibit zeros only if H and γ are collinear, while the ZZγ production amplitudes will still have approximate current null zone zeros for nonzero values of the angle between H and γ.
The existence of the current null zones discussed above implies the identities for the helicity amplitudes. For example, the current null zone in Zγ production is the result of the following equality of the helicity amplitudes,
The two polarization amplitudes built out of these helicity amplitudes are
The polarization amplitude M(λ = 2) will have a zero value for all scattering angles due to Eq. (47), which is the current null zone of the Zγ production process. Similarly, the current null zone in ZZγ production is due to the helicity amplitudes M(λ Z = 0, λ Z = 0, λ γ = ±1) being equal.
The equality of different helicity amplitudes does not always lead to the existence of a current null zone. In the Zγγ case, one can show that 
Similar to the W γγ case, since both photons have different helicities for these amplitudes, they cannot be combined into polarization amplitudes, one of which would have a zero value. Therefore, surprisingly, Zγγ production does not have a current null zone of the type found in the Zγ and ZZγ cases. The equality of the amplitudes with different particle helicities is also observed for the W W and ZZ production amplitudes:
Therefore, one can consider the current null zone, occurring at all scattering angles, as a special case of this equality of helicity amplitudes with different particle helicities, it occurs when the helicity of only one of the particles has different values for two amplitudes which are equal and it is therefore possible to combine the two amplitudes into the polarization amplitudes, one of which has zero value. It is interesting that such a 'classical' process, as the two photon production process, for example, uū → γγ, also exhibits the equalities of the amplitudes, and this occurs when all four particles have different helicities in two compared amplitudes:
M(λ u = −1, λū = 1, λ γ (1) = −1 , λ γ (2) = −1) = M(λ u = 1, λū = −1, λ γ (1) = 1, λ γ (2) = 1) ,
M(λ u = −1, λū = 1, λ γ (1) = −1 , λ γ (2) = 1) = M(λ u = 1, λū = −1, λ γ (1) = 1, λ γ (2) = −1) , etc.
In table 2 we present a summary of TYPE I null zones that we discussed in this section. We only included the current null zones that occur for all values of the scattering angle.
V CONCLUSION
The SM amplitudes for processes with the emission of one or more neutral gauge bosons exhibit zeros, the amplitudes vanish under the specific conditions. There are many different forms of zeros. The most investigated form of the zeros are TYPE I zeros. There are two forms of TYPE I zeros, the charge null zones and the current null zones. In the case of TYPE I charge Charge null zone zeros, current null zone zeros and equalities of the helicity amplitudes exhibited by electroweak sector high energy processes within the SM in the physical region of parameters. '+' ('-') sign corresponds to the presence (absence) of the null zone or of the helicity amplitudes with the equal values null zones, the distributions of the scattering angles contain zeros. In the case of the TYPE I current null zones, either the amplitude completely vanishes or the distributions for the scattering angles contain zeros for certain helicity combinations of the particles. We briefly discussed the origin of TYPE I zeros, which are due to the factorization of the production amplitudes. The amplitudes can also vanish for many processes, when the photon (gauge boson ) momentum is in the scattering plane created by the momenta of the other particles, which participate in the process. These zeros are called TYPE II zeros. Finally, there are those amplitude zeros, such as the recently observed zeros in W Z production, which could be just accidental zeros, due to the cancellations between the various terms in the amplitude. We have discussed all these different types of zeros and shown that some of the production amplitudes have an especially rich structure in terms of zeros. W Zγ and W ZZ production amplitudes are examples for this. Many of the zeros leave deep dips in the rapidity distributions, which could be observed experimentally. We also showed that the TYPE I current zones, occurring for all scattering amplitudes, are the special case of the equality of the values of the production (helicity) amplitudes for the specific helicity combinations of the particles.
